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Abstract
We solve the long standing problem of characterizing those Tychonov spaces X for which the
function space, Cκ(X), of realvalued continuous functions with the compact-open topology satisfies
property (db). This property is one of a spectrum of algebraic-topological properties previously
known to be distinct for locally convex spaces: In increasing strength, these properties are barrelled,
Bairelike, property (db), unordered Bairelike, and Baire. Strongly Hewitt spaces, recently defined and
studied by Ka¸kol and ´Sliwa, are characterized here using unbounded filters on X, which shows that
Cκ(X) is a (db)-space. We give examples of Cκ(X) distinguishing property (db) within the above
spectrum and from those Cκ(X) with X strongly Hewitt, answer a question of Ka¸kol, and state some
further problems.
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1. Introduction and preliminaries
Throughout, the topological space X is a completely regular Hausdorff space, C(X)
is the set of all realvalued functions defined and continuous on X, M(X) is the space
of continuous linear functionals on Cκ(X), τp ⊂ τκ ⊂ τb ⊂ τβ , in sequence, are the
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pointwise or finite-open, compact-open, bounded-open, and strong, β(C(X),M(X))- , i.e.,
σ(M(X),C(X))-bounded-open, topologies on C(X). With these topologies, C(X) will
be indicated by Cp(X), Cκ(X), Cb(X), Cβ(X), respectively. If τσ and τµ represent the
weak and Mackey topologies σ(C(X),M(X)) and µ(C(X),M(X)), respectively, we have
the further inclusions, τp ⊂ τσ ⊂ τκ ⊂ τµ ⊂ τβ . These continuous function spaces give a
variety of locally convex linear topological spaces, and naturally link quite different fields:
With topology put aside, C(X) and Cb(X), the subspace of C(X) of bounded functions,
are rings whose structures intimately connected with X and its realcompact and maximal
compact extensions υX ⊂ βX, uniquely determining them [9]. If the product is forgot,
the story is quite different: This is evidenced by a theorem of A.A. Miljutin discussed
in Pełczyn´ski [16] (also Semadeni [28, Theorem 21.5.10]): If X and Y are uncountable
metrizable compact spaces, then Cκ(X) and Cκ(Y ) are isomorphic as linear topological
spaces. On the other hand, in case X and Y are compact Hausdorff spaces, and Cκ(X),
Cκ(Y ) are isometrically isomorphic in the supremum norm, X, Y are then homeomorphic
according to the Banach–Stone theorem [8, Theorem V.8.8].
And just what properties of Xi , linear topologies τi on C(Xi), and mappings
A :Cτ1(X1) → Cτ2(X2) lead to continuity of A and/or particular forms for A is a classical
and ongoing area of research [2,1].
The link between analytic properties of Cτ (X) and topological properties of X is
illustrated by the Nachbin [15] and Shirota results [29]: (1) Cκ(X) is barrelled iff any
subset of X on which each f ∈ C(X) is bounded has compact closure, and (2) Cκ(X)
is bornological iff X is realcompact. With these characterizations, they, independently,
provided, in this restricted context, a barrelled space that is not bornological, the first
example found for locally convex spaces. On the other hand, some properties that are
distinct in general locally convex spaces are not in this restricted context, e.g., here
ultrabornological is identical to bornological [7].
The work of Warner [35] adds greatly to the richness of this particular link, the
monographs of Jarchow [11] and Pérez Carreras and Bonet [17] provide valuable results
and perspectives on it, while those of Schmets [26,27] concentrate on it for what
may be called weak barrelledness conditions ([17, Chapter 8], [23]). W. Lehner’s work
[14] continues to be an important resource on the Bairelike, unordered Bairelike and
related properties of continuous function spaces. Furthermore, [14] (also [22]), made the
observation that each of the Bairelike and unordered Bairelike properties could be split
between the barrelled property for a locally convex space E and a property of all convex
topologies compatible with the dual pairing (E,E′), that is, all convex topologies between
the weak and Mackey topologies on E. In fact, for E = Cκ(X), this property of the pairing
applies to convex topologies as coarse as the finite-open topology τp [14].
(It may be noted that this sort of property often seems to have a characterization in
terms of the standard pairing (E,E′) which for E = Cκ(X) translates to a statement
about a “pairing” (Cκ(X),X), where X is thought of as embedded in the continuous dual
E′ = Cκ(X)′ = M(X), through point evaluations.)
We add that the discussion above about Cτ (X) gives an honored place to the compact-
open topology, τ = τκ , whereas the work of Arhangel’skii [3,4] pays close attention to the
case of τ = τp.
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The problem discussed in this paper relates to the following property of a locally convex
linear topological space E defined and used for countable enlargements of barrelled spaces
by Robertson et al. [21, p. 107]:
(db) If E is the union of an increasing sequence (En) of vector subspaces, then some En
is dense and barrelled.
This is also independently defined and studied by Valdivia [34] as the suprabarrelled
property with applications in [33]. This property interpolates the Bairelike [24] and
unordered Bairelike [32] properties. Distinguishing examples appear in [34] and in [25],
and, in the latter work, Saxon and Narayanaswami give applications to the separable
quotient problem for Fréchet spaces and to open mapping theorems.
Specifically, we aim to characterize those Cκ(X) that are (db)-spaces in terms of
topological properties of X, thereby answering a question of Todd [30] and supporting
both the joint announcement of the present authors [31] and the Corrigendum to [18] of
Render [19]. In so doing, we also give characterizations of property (db) and examples of
spaces X that distinguish between the (db)-property and the weaker and stronger properties
of Cκ(X), Bairelike and unordered Bairelike. As well, we place this property in relation
to the strongly Hewitt property of Ka¸kol and ´Sliwa [13], provide distinguishing examples,
and state some open questions.
Generally, we use the monographs of Horvath [10] and of Robertson and Robert-
son [20]; Jarchow [11] also has an important influence. We abbreviate “locally convex
linear topological space” to convex space, and “neighborhood of zero in” a linear topolog-
ical space E to neighborhood in E. For a subset C of one member of a pairing (E,F ) of
linear spaces E, F over the real (or complex) field, C◦ is the absolute polar of C taken in
the other, e.g., with C ⊂ F , C◦ = {x ∈ E: ∀f ∈ C, |〈x,f 〉| 1}. For a convex space E,
E′ denotes its continuous dual and (E,E′) is the pairing of use here. To say that a subset B
of a linear space E absorbs a point x in E means there is a δ > 0 such that λx ∈ B , for all
|λ| < δ. By B is absorbing in E (in C ⊂ E), we mean B absorbs each point of E (of C).
A family B of subsets of E is absorbent is to mean that each x ∈ E is absorbed by some
B ∈ B.
Buchwalter [6] defines a subset A of space X to be topologically bounded if f |A is
bounded for each f ∈ C(X). Other terms used for such sets are functionally bounded,
C-bounded, and relatively pseudocompact sets. For a completely regular Hausdorff
space X, A ⊂ X is topologically bounded if and only if for each locally finite family V
the subfamily {V ∈ V : V ∩ A = ∅} is finite. We further note that if X is a topologically
bounded subset of itself, it is a pseudocompact space, that a pseudocompact subset of X
is topologically bounded in its subspace topology, and that pseudocompact subsets are
bounded, but bounded sets need not be pseudocompact. Here we abbreviate topologically
bounded to bounded and trust that its distinction from other similar terms, for example,
metrically bounded, bounded in an order or bounded in a convex space, will be clear or
made so. Of course, a set A ⊂ X is unbounded, if it is not bounded. Also from [6], in case
each bounded subset of X is relatively compact, X is said to be a µ-space, so that the
Nachbin and Shirota result (1) may be restated as Cκ(X) is barrelled iff X is a µ-space.
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Jarchow [11] is a resource for the following: As above, M(X) represents Cκ(X)′, the
continuous dual of Cκ(X). For each element λ of M(X) there is a smallest compact
subset sλ, the support of λ, such that for each f ∈ C(X) with f |sλ = 0, λ(f ) is zero.
For C ⊂ M(X), the support of C, sC, is the smallest closed subset of X containing each
sλ for λ ∈ C.
2. Property (db) in convex spaces
Our first characterization of property (db) is [30, Proposition 2.1]:
2.1. Proposition. A convex space E is a (db)-space if and only if, for each absorbent
sequence (Bn) of balanced convex subsets of E with each Bn+1 absorbing in Bn, there is
some Bn whose closure is a neighborhood in E.
In Definition 2.2, below, we drop a portion of this characterization by replacing
“a neighborhood” by “is absorbing” to obtain a more algebraic/less topological property in
a manner familiar from Lehner [14] (and Roelcke [22]). The resulting type of convex space,
here called a β-space, interpolates the α-spaces and α′-spaces of the works just cited:
A convex space is an α′-space (α-space) if, for each absorbent sequence (Bn) of balanced
convex closed subsets (with each Bn+1 ⊃ Bn), there is some Bn that is absorbing. Note
that, equivalently, “closed” after “convex” may be dropped and “whose closure” inserted in
place of “that”. The use, or not, of “closed”/“closure” becomes important in the following
definition because of the algebraic relationship of Bn+1 being absorbing in Bn.
2.2. Definition. A convex space E is a β-space if, for each absorbent sequence (Bn) of
balanced convex subsets of E with each Bn+1 absorbing in Bn, there is some Bn whose
closure is absorbing in E.
The β-property is also stronger than the similarly interpolating b-space property [30,
Definition 2.2] having the same definition except that the Bn are initially required to be
closed, so that the phrase “whose closure” in the above definition may be omitted. And, on
a formal basis, we see that
α′-space ⇒ β-space ⇒ b-space ⇒ α-space.
The last pair are equivalent for Cκ(X) [30, Theorem 3.3]. As we will see, the remaining
are distinct even among barrelled Cκ(X).
2.3. Remarks.
(a) A convex space is a (db)-space if and only if it is a barrelled β-space.
(b) For a convex topology τ , (i) weaker than the initial topology of a convex space E or
(ii) compatible with the dual pairing (E,E′) of E, if E is a β-space, then (E, τ) is
also.
(c) A convex space is a β-space if it is a continuous linear image of a β-space.
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The following gives a “dual” characterization of β-spaces which will lead to a “dual”
characterization of (db)-spaces. For convenience we will say that a sequence (Cn) of
subsets of E′ is pointwise eventually bounded on E if, for each x ∈ E, there is n ∈ ω
with Cl bounded at x for each l  n.
2.4. Theorem. A convex space E is a β-space if and only if, for any sequence (Cn) of
subsets of the continuous dual E′, some Cn is σ(E′,E)-bounded if the sequence (Cn) is
pointwise eventually bounded on E.
Proof. Suppose E is a β-space. For a sequence (Cn) of subsets of E′, define, for each
n ∈ ω, En = {x ∈ E: ∀l  n, Cl is bounded at x} and Bn = C◦n ∩En. Note that, as each C◦n
is absorbing in En and En ⊂ En+1, the set Bn+1 is absorbing in Bn. Suppose, furthermore,
that (Cn) is pointwise eventually bounded on E. Thus E = ⋃n En =
⋃
m,n mBn; and,
consequently, the sequence of balanced convex sets (Bn) is absorbent. Since E is a
β-space, some Bn has closure B−n absorbing in E. With C◦n ⊃ B−n absorbing in E,
Cn ⊂ C◦◦n ⊂ B−◦n is σ(E′,E)-bounded as required.
For the converse, suppose (Bn) is an absorbent sequence of balanced convex subsets of
E with each Bn+1 absorbing in Bn. Let each Cn = B◦n . As each Bn+1 is absorbing in Bn,
Cn+1 is bounded at x , whenever Bn absorbs x . Since (Bn) is an absorbent sequence, for
each x ∈ E, some Bn absorbs x , and so Cl is bounded at x for all l  n, and (Cn) is
pointwise eventually bounded on E. By the bipolar theorem, each B−n = B◦◦n = C◦n . Also
by assumption, some Cn is σ(E′,E)-bounded, thus B−n is absorbing. Consequently, E is
a β-space. 
As indicated above, we now have:
2.5. Theorem. A convex space E is a (db)-space if and only if, for any sequence (Cn)
of subsets of the continuous dual E′, some Cn is equicontinuous if (Cn) is pointwise
eventually bounded on E.
Which answers problem (3) of [30].
3. Property (db) and continuous function spaces Cκ(X)
From Remark 2.3(a), it will be enough to characterize the spaces Cκ(X) that are
β-spaces because of the Nachbin [15] and Shirota [29] characterization of Cκ(X) that
are barrelled.
Lehner [14] defines and provides several equivalent conditions for a T3 12 -space X to
be a τα- or τα′-space, and uses them to characterize the α- (α′-)properties for Cκ(X):
Specifically, a T3 12 -space X is a τα
′
-space (τα-space) if, for each (decreasing) sequence
(An) of closed unbounded sets, there is a function f ∈ C(X) that is unbounded on each An.
Lehner’s [14] characterizations are Cκ(X) is an α-(α′-)space if and only if X is a τα-(τα′-
)space. The following is now very natural.
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3.1. Definition. A Tychonov space X is a τβ-space if, for each sequence (An) of
unbounded sets, there is a continuous function f ∈ C(X) and a subsequence (Ank ) such
that f is unbounded on each Ank .
As can be noted from the definitions, this type of space interpolates the τα-spaces
and τα′-spaces. Indeed, it plays an analogous role to that played in Lehner’s [14]
characterizations of Cκ(X) that are α- or α′-spaces. We are to give the characterization
theorem, but we first state a lemma of Lehner [14, III.1.10], also noted as Lemma 3.1 in
[30]:
3.2. Lemma (Lehner). If (Cn) is a sequence of subsets of M(X) = Cκ(X)′, and there is
a function f ∈ C(X) that is unbounded on each support sCn, then there is a function
g ∈ C(X) such that each Cn is unbounded at g.
The finite-open topology τp may be strictly weaker than the weak topology τσ , as
Cp(X)
′ is the span of the evaluations at points of X which may be a proper subset of M(X).
The following characterization shows that the β-space property is either shared by all or
none of a collection of convex topologies containing all those compatible with the dual
pairing (C(X),M(X)). Here, this is stronger than Remark 2.3(b)(ii).
3.3. Theorem. For a Tychonov space X and a convex topology τ on C(X) between its
finite-open, τp , and its Mackey topologies, τµ, (C(X), τ ) is a β-space if and only if X is a
τβ-space.
Proof. For a convex topology τ on C(X) with τp ⊂ τ ⊂ τµ, if (C(X), τ ) is a β-space,
then any convex topology weaker than τ also gives a β-space (Remark 2.3(b)(i)). So it will
do to show Cp(X) is a β-space implies X is a τβ-space implies Cµ(X) is a β-space.
For the first implication, suppose (An) to be a sequence of unbounded subsets of X
such that there is no pair f ∈ C(X) and subsequence (Ank ) with each f |Ank unbounded.
Define each En = {f ∈ C(X): ∀k  n, f |Ak is bounded}, and Bn = [An,1] ∩ En, where,
for A ⊂ X, [A,1] = {f ∈ C(X): ∀x ∈ A, |f (x)| 1}. Note, furthermore, that [A,1] is
the absolute polar of {δx ∈ M(X): x ∈ A} where each δx is evaluation at x . (En) is an
increasing sequence of linear subspaces of C(X), each Bn is absorbing in En, so each
Bn+1 is absorbing in Bn. For each f ∈ C(X), there is n ∈ ω so that for all k  n, f |Ak
is bounded, and so f is in En. Consequently, C(X) =⋃n En. With Cp(X) a β-space,
for some Bn, clp Bn is absorbing, so too is [An,1] as it contains clp Bn. Therefore An is
bounded, a contradiction which shows that X is a τβ-space.
Now supposing X is a τβ-space, we show that Cµ(X) is a β-space. Let (Cn) be a
sequence of subsets of M(X) = Cκ(X)′, that is pointwise eventually bounded on C(X).
We need to show that some Cn is σ(M(X),C(X))-bounded. Let each An = sCn and
suppose (Ank ) is a subsequence of unbounded sets. Since X is a τβ-space, there is a
function f ∈ C(X) and a subsequence (Ankl ) so that each f |Ankl is unbounded. Since
f is unbounded on each Ankl = sCnkl , there is, by Lemma 3.2 above, g ∈ C(X) with
each Cnkl unbounded at g. This contradiction shows that no subsequence of (An) consists
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entirely of unbounded sets. We may and do assume, without loss of generality, that each
An is bounded.
As the space Cb(X) of bounded realvalued functions continuous on X is a Banach
space under the uniform norm, it is a β-space under the weaker convex topology inherited
from Cκ(X) (Remark 2.3(b)(i)). Moreover, Cb(X) is a dense linear subspace of Cκ(X).
So its continuous dual, (Cb(X), τκ |Cb(X))′, may be identified, in a natural way, with
M(X) = Cκ(X)′. Consequently, there is some Cn that is bounded at each element of
Cb(X). For f ∈ C(X), since An is a bounded set, there is a > 0 for which |f | is
less than a on An. Using f + = f ∨ 0 and f− = (−f ) ∨ 0, we see that for λ ∈ Cn,
λ(f ) = λ(a ∧ f + − a ∧ f −) since these continuous functions agree on An ⊃ sλ. As Cn
is bounded at the bounded function a ∧ f + − a ∧ f −, it is bounded at f . Therefore Cn is
σ(M(X),C(X))-bounded, as required. 
As already indicated above, we have a characterization.
3.4. Corollary. For a Tychonov space X, Cκ(X) is a (db)-space if and only if X is both a
τβ-space and µ-space.
Note that, with Cκ(X) barrelled, its topology is identical with the Mackey and the strong
topologies, i.e., τκ = τµ = β(C,M).
4. Relation to strongly Hewitt spaces, properties of the end X∗
Here we discuss the strongly Hewitt spaces of Ka¸kol and ´Sliwa [13], give a new
characterization for them, show they are τβ-spaces and relate the τβ-property of a
realcompact X to its end, X∗ = βX \ X. The next section includes examples that
distinguish β-spaces, in fact, (db)-spaces, from their neighboring α- and α′-spaces among
continuous function spaces Cκ(X) that are barrelled (and bornological). Moreover, it
includes an example of a (db)-space Cκ(X) with X not strongly Hewitt.
Following [13], a Tychonov space X is strongly Hewitt if for each sequence (xn) in
βX \X there is a realvalued bounded continuous function f ∈ Cb(X) positive on X whose
continuous extension f β to βX is zero on some subsequence (xnk ). One part of Theorem 1
of [13] gives the following two results:
(i) A Tychonov space X is strongly Hewitt if and only if X is realcompact and its Stone–
ˇCech remainder X∗ = βX \X is countably compact.
(ii) In particular, every locally compact realcompact space is strongly Hewitt.
The characterization Theorem 4.2 helps place strongly Hewitt spaces in the context of the
topological spaces discussed here. Moreover, this characterization provides an “intrinsic”
characterization of strongly Hewitt spaces, i.e., one not referring directly to the Stone– ˇCech
compactification. It uses the following:
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4.1. Definition. A filter (filterbase) F on a topological space X is unbounded if there is
a continuous realvalued function f ∈ C(X), that is unbounded on each member of F .
Moreover, f is said to be unbounded on F .
We note that each member of an unbounded filterbase is an unbounded set, the singleton
{A} for an unbounded set A ( = ∅) is an unbounded filterbase, and the collection of
all supersets of elements of an unbounded filterbase is an unbounded filter. Moreover,
a filter may consist of unbounded sets yet not be an unbounded filter (use the filter of
neighborhoods of the ideal point in Example 5.1).
The following characterization of strongly Hewitt spaces is reminiscent of the definition
of τβ-spaces.
4.2. Theorem. A realcompact space X is strongly Hewitt if and only if, for each sequence
(Fn) of unbounded filters (filterbases) (ultrafilters), there is a continuous realvalued
function f ∈ C(X) and subsequence (Fnk ) such that f is unbounded on each Fnk .
First we prove two elementary lemmas about unbounded filters on a Tychonov space X.
4.3. Lemma. A filter F on a Tychonov space X is unbounded if and only if there is
x ∈⋂{clβX F : F ∈F} \ υX.
Proof. Let K = ⋂{clβX F : F ∈ F}, and suppose K ⊂ υX. From continuity and
compactness, for f ∈ C(X), there are r > 0 and U open in βX, with K ⊂ U and |f [U ∩
X]| r . If no F ∈F is contained in U the collection of sets {clβX F \U : F ∈F} satisfies
the finite intersection property leading to a point of K outside of U , a contradiction. As
some F ∈F is contained in U , F is not an unbounded filter. The contrapositive gives one
direction of the lemma.
For the converse, suppose x is in
⋂{clβX F : F ∈F}\υX. There is a function f ∈ C(X)
whose continuous extension from f :X → R to f∞ :βX → R∞, where R∞ = R ∪ {∞}
is the Alexandroff one point compactification of R, gives f∞(x) = ∞, i.e., x /∈ υf (X) [9,
8B, p. 125]. Since x ∈ clβX F , for each F ∈F , f is unbounded on the filter F . Therefore
F is an unbounded filter on X. 
4.4. Lemma. Each unbounded filterbase F on a Tychonov space X is contained in an
unbounded ultrafilter U on X.
Proof. The filter formed of the collection of all supersets of members of F is unbounded.
We may, and do, suppose F is an unbounded filter on X. The previous lemma applies,
and there is x ∈⋂{clβX F : F ∈ F} \ υX. Let A be the collection of all filters G on X
containing F and satisfying x ∈⋂{clβX G: G ∈ G}. Ordering A by inclusion and using
the maximal chain condition, we see that there is a maximal chain in A, and that its union
U is, necessarily, an ultrafilter on X, containing F and satisfying x ∈⋂{clβX U : U ∈ U}.
Another application, of the previous lemma shows U is unbounded, and completes the
proof. 
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We now prove the characterization.Proof of Theorem 4.2. Assume X is strongly Hewitt and each Fn is an unbounded
filterbase on X. By Lemma 4.3, each Fn has an accumulation point xn in βX outside
υX = X. By definition of strongly Hewitt, there is a subsequence (xnk )k and a positive
continuous function g with 0 < g  1 and gβ(xnk ) = 0, for k ∈ ω. Since g > 0 on X,
f = 1/g ∈ C(X). As gβ(xnk ) = 0 and xnk ∈
⋂{clβX F : F ∈ Fnk } \ υf (X), we have f
unbounded on each Fnk , as needed.
We note that a consequence of Lemma 4.4 is that the property of the statement of
the theorem, if true of ultrafilters, is also true of filterbases. We suppose that (xn)n ⊂
βX \ X. There is, for each n ∈ ω, a filter Fn on X converging to xn in βX. As xn ∈⋂{clβX F : F ∈ Fn}, and xn /∈ X = υX, Fn is unbounded by Lemma 4.3. By assumption
there is a subsequence (Fnk )k and a continuous function f ∈ C(X) with f unbounded
on each Fnk . Let g = 11+|f | , which is a positive member of C(X). As g is in Cb(X), it
extends continuously to βX. Moreover, each gβ(xnk ) = 0, and, so X is strongly Hewitt by
definition. 
As a sequence (An) of unbounded subsets of X provides a sequence ({An})n of
unbounded filterbases, the first part of the following is clear.
4.5. Corollary. Every strongly Hewitt space X is a τβ-space. Moreover, Cκ(X) is an
(ultra-)bornological (db)-space.
Proof. Addressing the second part only, we see that, as X is realcompact, it is a µ-space
and, by Corollary 3.4, Cκ(X) is a (db)-space. By the Nachbin and Shirota result (2), it
is also bornological, and [7] shows that bornological and ultrabornological are identical
here. 
The characterization of a strongly Hewitt space X as being realcompact with its end
X∗ countably compact suggests the question of what realcompact spaces X are τβ-spaces.
In the next section, we see an example of a realcompact τβ-space without a countably
compact end. Here we give a positive result about the end of such a space.
4.6. Theorem. If a realcompact space X is a τβ-space, then its end X∗ = βX \ X is
pseudocompact.
Proof. Suppose X∗ is not pseudocompact. (Here and elsewhere, we use clβ to indicate
closure in βX.) So there is a sequence (Un)n of disjoint nonempty open subsets of
X∗ locally finite in X∗. Let each Vn be a nonempty open subset of βX with ∅ =
Vn ∩ X∗ ⊂ clβ(Vn) ∩ X∗ ⊂ Un. Set An = Vn \ X∗ = Vn ∩ X. Because X is realcompact
and clβ An = clβ Vn, each An is unbounded in X. As X is a τβ-space, there is f ∈ C(X)
and a subsequence (Ank )k with f unbounded on each Ank .
Let f∞ :βX →R∞ =R∪{∞} be the continuous extension of f :X →R⊂R∞ where
R∞ is the one point compactification of R, as used above. Since f is unbounded on
Ank ⊂ X and f [X] ⊂R, there is xk ∈ clβ Ank \X = clβ Vnk \X ⊂ Unk with f∞(xk) = ∞.
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But (xk)k has an accumulation point x necessarily contained in X because {Unk }k is locally
finite in X∗. As the sequence (f∞(xk))k has all terms ∞, and f∞ is a continuous extension
of f , f (x) = f∞(x) = ∞, a contradiction. Therefore no sequence (Un)n as above exists
and X∗ is pseudocompact. 
5. Examples
We consider three examples or classes of examples. First the Arens space, known
to be a τα- and µ-space, is shown not to be a τβ-space. The second is a subclass of
a class of spaces X that are strongly Hewitt, so are τβ- and µ-spaces. In [13] it was
shown their continuous function spaces Cκ(X), although Bairelike, are not Baire. The
nonempty subclass described here contains no τα′-space. The third, a subspace X of βω,
is realcompact and a τβ-space, yet not strongly Hewitt. Moreover, X is shown to have no
minimal extension within βX that is strongly Hewitt.
This first example uses the Arens space X and, although relatively simple, was critical
in leading to the solution of the characterization problem. In [14], it distinguishes between
Bairelike and unordered Bairelike among spaces of the form Cκ(X). Here it distinguishes
between Bairelike and (db)-spaces in spaces of the form Cκ(X). As described below, this
space appears in [30]. It is an observation of Saxon [30, n. on p. 323] that the Example 1
of [25] distinguishes between barrelled b-spaces and (db)-spaces. Not noticed at the time
is the fact that these two examples are the same. (The key is a correspondence, not given
here, of the double indexing set of the latter example as the Arens space.)
In the following example, two approaches are used, one directly applying to Cκ(X), the
other to the end X∗ using Theorem 4.6 thereby answering a question in [14].
5.1. Example. Let X be the Arens space in the following form, X = {(0,0)}∪{xm,n: m,n ∈
ω} where each xm,n = (1/(m + 1),1/(n + 1)) is isolated in X. For each m ∈ ω, let
Sm = {xm,n}n∈ω. A set U is to be a neighborhood of the point (0,0) in X if (0,0) ∈ U ⊂ X
and for some m ∈ ω, each Sk \ U is finite for k m.
For an analytic approach, let each Em = {f ∈ C(X): ∀k  m, sup |f [Sk]| < ∞} and
Bm = [Sm,1] ∩ Em to show Cκ(X) is not (db). Each Em is a dense linear subspace of
Cκ(X) and the closure of Bm is [Sm,1], which is not absorbing in Cκ(X). Although (Em)
is an increasing sequence with C(X) =⋃m∈ω Em, no Em is barrelled since each Bm is
a barrel in Em and Em is dense, yet B−m is not a neighborhood in Cκ(X). Consequently,
Cκ(X) is not a (db)-space. Yet it is a barrelled metrizable space, so a Bairelike, α-, and
b-space, as well as (ultra) bornological.
For a more topological approach, note that each Sm is clopen in X, so clβ Sm is clopen
in βX (and homeomorphic to βω). Also each S∗m = clβ Sm \ Sm = (clβ Sm) ∩ X∗ is
clopen in X∗. Set C = ⋃m S∗m and D = X∗ \ C. If x ∈ D, let U be any, necessarily
clopen neighborhood of (0,0) in X with x not in clβ U . For some m0, Sm \ U is finite
for all m  m0. Thus S∗m ⊂ clβ U , for all but a finite number of m, and βX \ clβ U
is a neighborhood of x in βX meeting only finitely many S∗m. Consequently, (S∗m)m
is a sequence of distinct open subsets of X∗ locally finite in X∗. Therefore X∗ is not
pseudocompact, and by Theorem 4.6, since X is realcompact, it is not a τβ-space. We note
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that X∗ not pseudocompact resolves, negatively, a question of Lehner [14, IV.2.4.(b)] as to
whether or not a realcompact τµ-space must have a pseudocompact end.
The next example appears in [5] in a somewhat weaker form to provide locally compact
realcompact X having, in X∗ = βX \X, a countable relatively discrete set D with compact
closure in X∗ not equal to βD. It is used in [13] to provide a strongly Hewitt space X for
which Cκ(X), although Bairelike, is not Baire. From the work above, we see that Cκ(X)
is, in fact, a (db)-space, which is a strictly stronger property than the Bairelike property.
With the strengthened condition (4) of the following, we are able to show that Cκ(X) is
not unordered Bairelike. (The original example only requires the intersections in (4) below
to be nonempty, not necessarily dense in the reals R.) The unordered Bairelike property
is strictly weaker in this context than Baire [14, 6.(b), 8, 9.(c) in IV.4], and this present
example provides an answer to a question of Ka¸kol, [12], as to whether or not Cκ(X) is
unordered Bairelike for the class of examples used in [13] and [5]. This is not a complete
answer to this question, as only a subclass of these examples is actually addressed.
5.2. Example. The space X has R as its set of points and satisfies the following:
(1) The topology of X is finer than that of R.
(2) The points of the rationals Q are isolated in X.
(3) For each x ∈ X \Q, there is a sequence (qxn ) in Q that converges to x in R, and for
which {x} ∪ {qxm: m n}, n ∈ ω, provides a neighborhood base at x for X.
(4) If A,B ⊂Q are dense in R, then A− ∩B− is dense in R, where the closures are taken
in X.
Separately, we give the construction of X and verification of (4). First, we show, from
the above, that Cκ(X) is a (db)-space that is not unordered Bairelike.
Since X has a finer topology than that of R, each subspace of X is realcompact [9, 8.2,
8.18], in particular, X is realcompact. As X is a locally compact Hausdorff space, X is
strongly Hewitt [13, Theorem 1]. By Corollary 4.5, Cκ(X) is a (db)-space .
Based on the following two statements, we will see directly that X is not a τα′-space,
and so Cκ(X), although barrelled, is not unordered Bairelike:
(I) Each nonempty open interval is unbounded in X.
(II) Each f ∈ C(X) is bounded on some nonempty open interval.
Using (I), we see that the countable family {(r, s): r < s in Q} consists of unbounded
sets. Existence of a function f ∈ C(X) unbounded on every member of this countable
family, required for X to be a τα′-space, is contradicted by (II), and the example is
complete except for proving (I) and (II) and providing the separate construction of X
satisfying (1) through (4).
For (I): Let (qn), q be distinct elements of (a, b)∩Q with (qn) converging to q in R.
Define f :X →R by f (x) = n in case x = qn, 0, otherwise. Now f ∈ C(X) is unbounded
on (a, b), as required.
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For (II): Suppose f is continuous on X and unbounded on each nonempty open interval.
Thus for each m ∈ ω, the set {x ∈ R: |f (x)| > m} is dense in R. By (3) above and the
continuity of f on X, {q ∈Q: |f (q)|> m} is also dense in R.
Now for n ∈ ω, let Sn = {x ∈ R: |f (x)| < n}, so R =⋃n Sn. As R is nonmeager,
for some n ∈ ω and some a < b, (a, b) ⊂ clR Sn. As Sn ⊂ clR{q ∈ Q: |f (q)| < n}, we
have (a, b) ⊂ clR{q ∈ (a, b) ∩ Q: |f (q)| < n}. Let A = {q ∈ Q: |f (q)| > n + 1} and
B = {q ∈ (a, b)∩Q: |f (q)| < n} ∪ (Q \ (a, b)). Now both A, B ⊂Q are dense in R, so,
by (4), there is x ∈ A− ∩ B− ∩ (a, b). As f ∈ C(X) and x ∈ A−, |f (x)| n + 1. On the
other hand, x ∈ (a, b)⊂ clR{q ∈ (a, b)∩Q: |f (q)| < n}, so |f (x)| n, contradicting the
existence of such a function f .
5.3. Construction of Example 5.2. Index the |2ω| distinct ordered triples (A,B, I) with
A,B ⊂ Q dense in R and I = ∅ an open interval in R as (Aκ,Bκ , Iκ ) with the ordinals
κ < 2ω. For each κ < 2ω, |Iκ \Q| > |κ |, so we may, using Zorn’s lemma, choose distinct
xκ , κ < 2ω, with each xκ ∈ Iκ \Q. For each x in R\ (Q∪{xκ : κ < 2ω}) choose an arbitrary
sequence (qxn )n ⊂Q convergent to x in R, and for each x = xκ choose one sequence (qxn )n
in Q, convergent to x = xκ in R, with infinitely many terms in each of Aκ and Bκ . Let X
have the topology as described in (2) and (3) above.
We can now verify (4). Suppose A, B ⊂ Q are dense in R. We need only show
that for each nonempty open interval I , A− ∩ B− ∩ I = ∅. But for (A,B, I), there is
κ < 2ω with (Aκ,Bκ , Iκ ) = (A,B, I). Moreover, xκ ∈ Iκ = I . By the choice of (qxκn )n,
xκ ∈ A−κ ∩B−κ = A− ∩ B−, and so A− ∩ B− ∩ I = ∅, as wanted.
It may be noted in passing, that the Bourbaki example used by Lehner [14, IV.3.7] to
distinguish between τα- and τα′-spaces, is locally compact and realcompact, so strongly
Hewitt. It is therefore a τβ-space that is not a τα′-space.
Strongly Hewitt spaces are convenient sources of τβ-spaces that are also realcompact,
and so also µ-spaces. Among other useful things (see 5.5), the following example
distinguishes between τβ-spaces that are realcompact and those that are strongly Hewitt
spaces.
5.4. Example. Let (xn)n be a sequence of distinct points in ω∗ = βω \ ω with {xn}n a
discrete subspace. Let K be the compact set (clβ{xn}n) \ {xn}n (cf. [9, 6.10]), and let
X = ω∪K . (As βX = βω, we continue to use clβ for the closure operator in either Stone–
ˇCech compactification.) Note also that X∗ = βX \X = βω \X = βω \ (ω∪K) = ω∗ \K .
As X is the union of a realcompact set ω ⊂ βω and a compact set K ⊂ βω, it is realcompact
[9, 8.16]. However (xn)n ⊂ X∗ has no accumulation point in X∗, so X∗ is not countably
compact and X is not strongly Hewitt.
To show X is a τβ-space we will use the following three facts, the first two to be proved
later; the third arises directly from the proof of part (a) of Theorem 1 in [13].
Fact (1). If A ⊂ X = ω ∪ K is unbounded in X, then (clβ A) \ (X ∪ {xn}n) = ∅.
Fact (2). If (yn)n ⊂ X∗ = ω∗ \ K with {xm}m ∩ {yn}n finite, then (yn)n has an
accumulation point in X∗.
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Fact (3). (Ka¸kol and ´Sliwa [13]) If Z is a realcompact space and (zn)n is a sequence in its
end Z∗ = βZ \Z having an accumulation point in Z∗, then there is a realvalued
function g continuous on βZ which is positive on Z and zero on a subsequence
of (zn)n.
Let (An)n be a sequence of unbounded sets in X. By (1), for each n, there is yn ∈
(clβ An) \ (X ∪ {xm}m) ⊂ X∗. By (2), there is y ∈ X∗ that is an accumulation point for
(yn)n. By Fact (3), there is g ∈ C(βX) positive on X and zero on a subsequence of (yn)n,
say (ynk ). Let f = 1/(g|X). Now f ∈ C(X) and f is unbounded on each Ank . Thus X is a
τβ-space as wanted.
Proof of Fact (1). We may assume that A ⊂ ω. There are closed neighborhoods Un of xn
in βX = βω with the Un disjoint from each other and from K . If some Un ∩ A is infinite,
let Z1, Z2 be disjoint infinite subsets of Un ∩ A. Now clβ Zi ⊂ Un are disjoint and at least
one does not contain xn, say clβ Z1. Also (clβ Z1) \Z1 = clβ Z1 \ ω is a nonempty subset
of Un, so let a be in clβ Z1 \ ω. Then a ∈ clβ A yet not in ω ∪ {xm}m ∪ K = X ∪ {xm}m.
On the other hand, if no Un ∩ A is infinite, we may assume each Un ∩ A is empty. Now
the sets
⋃
n(Un ∩ ω) and A are disjoint infinite subsets of ω, so clβ(
⋃
n(Un ∩ ω)) and
clβ A are disjoint subsets of βX that both meet ω∗. As {xn}n ∪ K is contained in the first,
clβ A \ (X ∪ {xn}n) = (clβ A) \ (ω ∪ {xn}n ∪ K) = (clβ A) \ ω = (clβ A) ∩ ω∗ = ∅, as
wanted. 
Proof of Fact (2). Let Un be clopen neighborhoods in βω of xn with Un disjoint from
each other and from K . If some term of (yn)n is repeated infinitely often, we are done.
Assume (yn)n are distinct. If (yn)n has some xm as an accumulation point we are done. So
assume each Um ∩ {yn}n = ∅.
As {yn}n is infinite, some subsequence of (yn)n gives an infinite discrete subset [9,
Theorem 0.13, p. 5]. Pass to such a subsequence. There are clopen neighborhoods Vn of yn
with the Vn disjoint from each other and from K. As all accumulation points of (xn)n are
in K and each Vn is disjoint from K , we may assume each Vm ∩ {xn}n is empty.
Note that Um \ ⋃km Vk , Vn \
⋃
ln Ul provide clopen neighborhoods of xm, yn,
respectively, which, together, form a family disjoint among themselves and disjoint
from K . By relabeling, we may take the Um, Vn to be clopen neighborhoods of xm,
yn, respectively, to be disjoint among themselves and from K . Thus
⋃
m Um ∩ ω and⋃
n Vn ∩ ω are disjoint subsets of ω, so clβ(
⋃
m Um ∩ ω) and clβ(
⋃
n Vn ∩ ω) are disjoint
and contain clβ{xm}m and clβ {yn}n respectively. Thus (clβ{yn}) \ {yn}n is a nonempty
subset of ω∗ \ K = X∗, establishing that the original sequence (yn)n has an accumulation
point in X∗. 
For some properties such as realcompactness and the µ-space property, a Tychonov
space X has an extension within βX minimal with respect to the property. The strongly
Hewitt property is not one of these as will be shown with the previous example.
5.5. Addition to Example 5.4. Suppose Y ⊂ βX contains X, and let each Xn = ω ∪
K ∪ {xk: k  n}. Each Xn is realcompact since it is the union of a realcompact and a
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compact set. Moreover, X∗n = (ω∗ \ K) ∪ {xk: k < n} is countably compact by Fact (2) of
Example 5.4, so each Xn is a strongly Hewitt space. If no Xn is contained in Y , then there
is a subsequence (xnk ) of (xn) contained in βω \ Y = Y ∗ with every accumulation point
contained in K ⊂ Y . Therefore, if Y is strongly Hewitt, some Xn ⊂ Y , so Xn+1 is a proper
subspace of Y containing X, and Y is not a minimal extension of X within βX with respect
to being a strongly Hewitt space.
6. Some questions and problems
Here we briefly discuss some problems that seem currently open.
We know for a strongly Hewitt space X, Cκ(X) is a (db)-space, yet need not be
unordered Bairelike. Also known in this context is that the implications, Baire ⇒
unordered Bairelike ⇒ (db), are strict.
(1) Is there an example of Cκ(X) that is unordered Bairelike (even Baire), yet X is not
strongly Hewitt?
No characterization of X strongly Hewitt in terms of functional analytic properties of
Cκ(X) seems known. A variant of this problem is the following.
(2) Characterize the unbounded filter property of X in Theorem 4.2 in terms of properties
of Cκ(X).
Generally known examples of Cκ(X) distinguishing among α-, β-, and α′-spaces are
also barrelled.
(3) Are there non-barrelled Cκ(X) distinguishing among these properties? With all
nonempty open subsets of X unbounded?
Generally examples distinguishing among Cκ(X) that are barrelled, Bairelike, (db),
unordered Bairelike, and Baire use realcompact X.
(4) Can these be distinguished with X not realcompact, but, necessarily, µ-spaces.
One characterization of realcompact X being strongly Hewitt involves a sequential
property of its end X∗ = βX \X. This, as well as Theorem 4.6, suggests the following.
(5) For realcompact X, characterize Cκ(X) to be a (db)-space in terms of a sequential
property of its end.
Of course, there is the naturally related problem:
(6) Characterize, in terms of Cκ(X) those realcompact X with a pseudocompact end.
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We note that J. Ka¸kol, S.A. Saxon and A.R. Todd have recently shown that
pseudocompactness for a Tychonov space X is equivalent to docility of (M,σ(M,C)),
i.e., every infinite-dimensional subspace of M contains a σ(M,C)-bounded subset with
infinite–dimensional span. (Pseudocompact spaces X and df-spaces Cc(X), P.A.M.S., to
appear.)
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